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Contained  herein  i  s  a  do  r :  •.  it  ion  m'  an  e-jua:  :or.  which  n  i<  .  eon  u- 
to  convert  !  X  M  duel  sirval.it  ion  output  s  i  r.to  a  ••.ensure  of  performance 
wh  i  ch  integrates  lethal  ity ,  vainer..!  - :  lit-,  and  am.muni  t  ion  depict  ion  rat 

Section  I  discusses  thi  i  ••net  as  for  t  he  deri  vat  ion ;  Section  1! 
derives  the  equation;  Section,  ill  d  :  scuss-.-s  eXa":ple  app  1  i  cat  i .  ns  ,  and 
Section  IV  summarizes  the  results. 


i  .  i'  W  ru  -  .. 1 


T!',e  iva  !  i  i  st  i  c  Keseurci:  i . . . i 1  ■  an  t  r;  .  S 
*1  iteriel  \v  stems  Analysis  \ct  ivit  .  VW\ 
model  wh i ch  simulates  "X  X  t  ink  eng  ire 

out  nut  s  of  tills  mod  •!  -re  probab  i 1  i  t  \ 

t  e  r-.  inal  states  cur.  occur  and:  the  average 
element  assoc iated  with  each  state. 


'r.itc-n  .  S:  i  .  work  ;  r.g  w  i  t  i:  the  Arm;, 
it.  V.'W  ,  lias  decolored  a  computer 
ink  eag  moment  s  .  Vvior.g  the  various 
robuhi  I  i  t>  the  each  ■  f  ill  poss  ihle 
ie  ave  race  umna-n  t  i  on  depletion  of  each 


i'uri a  dry  -  run  oxerc ;  se  »f  tac  program,  it  was  observed  that 
several  systems  h  id  sir  | lar  pro! aVo  f i  :n  1  engagement  outcomes ,  out 
iissimilui  burdens  • it:  terms  of  unman  it  ion  depletion,.  It  became  evi¬ 
dent  that  sene  met;:  1  ’.-.as  reunited  t  >  i ::  tee  rate  the  burden  d  i  root  1  V 


to  t : l‘  '' v r r  •  r  \x. r. v  c  no.'isii ro 


It  was  decided  that  a  measure  which 


indicated  the  pro'  .'••  1  e  number  of  tanks  filled  per  unresuppl  ied  system 
in  a  se-paer  -e  of  1  X  '!  eny.  -mimits  would  be  of  interest. 

Tb  is  rw'ort  Ji  .-cusses  the  derivation  of  such  a  measure. 


ii.  iiu:  i'KKiv.vnoN  and  hquation 

iho  pro'  1  e::i  that  faced  us  was  that  the  expected  number  of  tanks 
i  I  1  eel  by  bl  :e  in  a  sequence  of  1  X  ‘1  engagements  had  to  be  approx i mat 
.ti:  only  the  following  information  at  hand: 

!’;  .  =  prot-ahi  1  i  ty  tint  exactly  t  i  - 1  I  blue  tanks  and  ( j-1  red  tan 
are  kilK.1  at  tb.e  termination**  of  a  1  X  M  engagement 

X. .  =  the  ave rare  number  of  rounds  expended  per  blue  tank  given 
t he  final  state  indicated  nv  P.  . 

i  j 

I.  -  original  ammunition  load. 


•fore  lev 
>lp  keen 


into  the  derivation,  let's  define  a  few  terms  which  wil 
■au  it  i  -us  re  1  a t  i  ve  1  v  compact  . 


zrrr.iKi  trc>: 


•mime  e- 


Term  Example 

m  =  M  +  1 


Pe fin i t ion 

The  maximum  dimensions  of  the  matrix 
IP..)  associated  with  a  1  X  M  env.agu- 

ment!  . 


’  =  )  P 

s  .  - .  l  i 

j  =  i 


m 

E, ,  = 

y 

) 

N.  .  *  P.  . 

n 

1=1 

i  =  l 

1 1  l.l 

m 

n/S 

j  =  l 

N1  j 

*  p  /p 

1  i 7  S 

m 

n/S 

i  =  l 

N:.i 

*  P2 ./(l-Ps) 

■) 

m 

m 

t: 

m 

r* 

i  =  l 

r 

) 

i  =  1 

U-D  *  pi:j 

m 

k/S  = 

j  =  l 

(j- 

1 1  *  p  /p 

m 

:K/S 

/ 

i  =  1 

(j- 

n  *  P2i/d-Ps) 

Lip  =  E...-/E 
K  k/S  n, S 


.\  =  integer  j  ^ 


XR  =  '  '  N  *  1  n/S 


Probability  of  blue  survival  in  a 
]  X  M  engagement.  Note:  It  is 

assumed  that  P  <  1.0. 

Expected  number  of  blue  rounds 
expended  per  engagement 


Expected  number  of  blue  rounds 
expended  in  a  survived  engagement 


Expected  number  of  blue  rounds 
expended  in  an  engagement  not  sur 
vived 

Expected  number  of  red  tanks  de¬ 
stroyed  in  an  engagement 


Expected  number  of  red  tanks  de¬ 
stroyed  in  an  engagement  survived 
by  blue 

Expected  number  of  red  tanks 
destroyed  in  a  blue  attrited 
engagement 

An  indicator  of  the  number  of  red 
tanks  killed  per  blue  round  fired 
in  an  engagement  survived'  by  blue 

The  average  number  of  successful 
engagements  implied  by  an  ammunition 
load  consisting  of  1.  rounds 

The  average  number  of  rounds 
remaining  after  N  engagements 
have  been  survived' 


f  =  N  *  E 
K/R  R  R 


An  approximate  number  of  red  tank; 
killed  bv  \‘  rounds. 


■  Ze  f  enjarj  'rij  future  targets. 
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With  the  preceding  information  at  hand,  we  approximate  the  expected 
value  equation  by  using  engagement  averages  for  the  possible  values  of 
the  number  of  red  tanks  killed,  and  by  limiting  the  possible  number  of 
successful  engagements  to  the  average  number  of  successful  engagements 
implied  by  the  original  ammunition  complement,  i.e.. 


X  11  *  Ek/s  ♦  EK/S)PS^  -  PS)1  *  (N  *  Ek/s  ♦  EK/Rj  *  Ps 


where  E^  is  approximate  expected  kills  per  ammunition  load.  Note  that 
the  term  (i  *  E^g  +  E^— 1  is  the  average  number  of  red  tanks  killed 

given  that  blue  was  atcrited  during  the  (i+1)  engagement.  Also  note 

that  P*(l  -  P_)  is  the  probability  that  blue  was  attrited  on  specifi¬ 
cally  the  (i+ll  engagement. 

The  term  on  the  far  right  refers  to  the  situation  where  blue  sur¬ 
vives  all  N  engagements.  Notice  that  the  term  E,,,  is  a  type  of  "fudge 
factor"  to  indicate  the  potential  kills  of  the  residual  rounds  stowed 
after  N  successful  engagements. 

The  series  contained  in  Equation  (1)  can  be  solved  in  closed  form 
by  remembering  that 

X;‘  .1  1  -  aN 
itl)  a  " 1  - a 


N-l  .  IN-1 

r  .1  o  )  v  1 

l  13  =  a  ai  )  3 

i=0  da  (  i=0 


With  these  relations,  Equation  (1)  can  first  be  reduced  to 


ET  F'k/S  11  '  'V  +  E'K/S  (1  -  Ps)  +  EK/R  PS 

ihich  can  further  be  contracted  to 


hT  (1  -  Pgl  |  hk/S  (1  ‘  PS^  +  Ek/S  Ps|  +  f;K/R  PS 


which  then  is  seen  to  be 


At  this  point  we  can  only  hope  that  the  equation  cannot  be  reduced 
further  or  it  might  completely  disappear! 

One  item  which  must  be  verified  is  that  Equation  (4)  is  continuous 
with  respect  to  \'R,  i.e.,  does  the  example  "fudge  factor"  work  at  the 
extremes  of  NR  =  0  and  N  =  hn/g-  When  N  =  0  there  are  no  residual 
rounds  and  since  E^/r  =  0  under  this  condition,  the  factor  is  correct 
for  this  extreme.  However,  as  \'R  -*•  the  E^  equation  should  approach 

the  next  order  value.  This  can  be  shown  by  observing  that 


(1  -  Ps) 
1  -  ps 


F 

S  'K/R 


■  im  i  P  id.  ,,, 

i\  /  1\ 


1 

-  ps 

(1 

-■$ 

] 

1 

-  ps 

IL 

-  PNW 

s 

K  Nr 


E,.  +  p;; 


'K/S  'n, 


1  -  P, 


Since  the  factor  is  consistent  at  the  extremes,  it  appears  reason¬ 
able.  The  implicit  assumption  concerning  which  will  remain 

dial  lengeable  is  that  E  .  is  linear  with  respect  to  N  . 

K/ 1\  K 

Another  item  of  interest  concerns  the  degenerate  cases;  namely, 

\  =  1  and  N  =  0  and  X  -  «.  Since  N  =  1  and  XR  =  0  imply  that  there 
is,  on  average,  insufficient  ammunition  to  entertain  subsequent  engage¬ 
ments,  the  answer  of  F  =  T  of  Equation  (4)  is  intuitively  palatable. 

Finally,  taking  X  -+  ®  implies  an  unlimited  load  and  the  result  of 

E  =  - - — — 

T  (1  -  Ps) 


is  again  consistent  since  it  represents  the  exchange  ratio  for  the 
engagement,  i.e.,  the  ratio  of  the  expected  number  of  red  tanks  killed 
to  the  expected  number  of  blue  tanks  killed. 

Bolstered  by  the  absence  of  inconsistencies,  the  next  section  will 
discuss  a  few  examples. 
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III.  EXAMPLES 


1  Blue  Versus  1  Red 

Assume  that  L  =  50,  and  that 


-  P1  -51  .  N  =  [50  4" 

i;  "  [.2  •  2  J  ’  i j  [2  ij 


then  E^  =  1-5  +  .2)  *  1  =  .7 
rs  =  -1  ♦  .5  =  .6 


E  ,  .  =  (50  *  .  1  +  4  *  .5)/. 6  =  11.67 

n/  6 

X  =  integer  (50/11.6")  =  integer  (4.29)  =  4 
N  =  50  -  4  *  11 .6"  =  3.52 


!'.  =  5.32  *  (.85/1  1.67)  =  .24 

■. im  E  .j.  =  .7/(1  -  .6)  =  1.75 

-*■  *70 

,  4 , 


-  u  -  -6  ) 

T  "  (1  -  .6)  ‘ 


.6  (.24)  =  1.55 


Thus,  for  this  example  the  exchange  ratio  =  1.75 

expected  kills  per  engagement  =  .7 
expected  kills  per  ammunition  load  =  1.55 

1  Blue  Versus  5  Red 

Assume  that  L  =  50,  and 


r.O  .2  .15  .os’ 

_  [.05  .25  .2  .1 


then  E 


P.  .  = 

ij 


To  3  4  5 

'ij  3  4  5  6_ 

;  =  (.2  *  .25)  *  1  +  (.15  +  .2)  *  2  +  (.05  +  .1)  *  3  =  1.6 

>s  =  .0  +  .2  +  . 15  +  .05  =  .4 

=  (0  *  .0  +  3  *  .2  +  4  *  . 15  +  5  *  .05)/. 4  =  5.625 

'S 

N  =  integer  (50/3.625)  =  integer  (13.793)  =  13 
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J 


= 

!\ 

30  - 

(13  ’  3.o25 1  = 

‘k'R 

:.s" 

5  '  (_  1 .  b  2  3  /  3 .  o  2 

n  E  - 

1.0.' 

(1  -  .4)  =  2.6~ 

fT 

1  - 
(1  - 

.  1 l'  15 

— 41  *  -J 

i.e.,  exchange  rate  =  2.6“ 

expected  kills  per  engagement  =  1.0 
expected  kills  per  load  =  2.6“ 


IV.  SUMMARY 


\n  heuristic  equation  has  been  developed  which  allows  the  trans¬ 
formation  of  1  X  M  tank  engagement  output  data  into  a  measure  of 
performance  which  integrates  the  effects  of  lethality,  vulnerability 
and  ammunition  depletion.  The  equation: 


(1 


-h 


PA  F 
S  K/R 


is  an  a  r ; " i ‘v.~f "atioK  of  the  expected  number  of  red  tanks  killed  per  blue 
tank  igiven  a  finite  ammunition  load).  An  assumption,  .implicit  to  the 
equation,  is  that  F.,.  remain  constant  as  long  as  the  residual  ammunition 
load  is  greater  than  (or  equal  to)  the  average  ammunition  expended  in  a 
successful  engagement.  Although  the  assumption  will  tend  to  provide 
higher  than  the  true  answer  at  small  values  of  X,  the  equation  appears 
to  be  reasonable  in  terms  of  providing  a  good  "feel"  of  the  interplay! n 
benefits  and  burdens  of  system  performance. 

It  is  a  rather  trival  exercise  to  generalize  the  terms  of  the 
equation  such  that  the  approximation  would  be  relevant  to  X  X  M  engage¬ 
ment  s .  However,  the  cumulation  of  assumptions*  supporting  such  an 
exercise  makes  the  author  uncomfortable  and  by  nature  of  the  general i- 
m  it  ion,  the  resultant  equation  may  attain  more  credence  than  it  warrant 
liras,  temporarily  at  least,  the  development  terminates  at  this  point. 
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